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@�ACB�DEB�F,G2HJIKF1L�MCNPOQN(F1B�G2GJRTS2HJL�GJB�UVOQACB�DEB�F,G2HJIKDWNWG&L'S&OQACB�DEB�F4GJX,Y[Z�OQG�\QH�\Q]^OQDPOQF4_/D=F4Na`&@�MbB�]/]dc4NWe?B�]^OQAbB�DEB�F4GJX4Y/IK]
B�UTcfOKY/IKG2GCghB�DWi/DEB�G2NjGJkKDWGJL'S2G

σ
ZlB�DWc1B�A'i/]/FfB�Dam�OQF,F1IKHnOQAoB�DWDEB�]dGJL�GJB'SbGJkKDWGJL'SJpfNEIK]lIKFKOQGqB�AVOQAVB�DEB�F,G2HJX4Y-GJkKDWGJL'SqOQA

B�DEB�F4G2HJX4Y-ZlIKAVr1IK]/A'AsO-m�MCtWUuOQAoOQAvIK]lITSnGJkKDWGJL'S2pwNEIK]lIKFTOQGbNW]/FT\Qe/ewG�OKS2A'tWGyxJO-`w@�ZlIKUTczOQAu{T`9\Qe/H�O|M}_/G�OQGyxJO-mjB�A
B�UTc~rTOQDEXTS2A'tW],plSJL�UTN�F4N x2B�DEB�]dGJL'Sv`���O�ghB�DWGJB'SJS2A'i/F�m/ZlIKUTcVOQA�B�DEB�F4G2HJX,Y-GJkKDWGJL'S�]lB�UdOQG2tWr�m?O�FTOQG2NEIK]lIKF~DEIKFT\QDWNES�S2p/H2plS�L�U1B
]�OQUTc1IKe/e�OQA�B�DEB�F,G2HJX4Y9F1kKAvB�DEL�e?B�]�MCNW]dG~OQA|OQ]/NEIK]lIKF9S2p/H2plSJL�U1BTm

n+(x)
NWDWDa`

n−(x)
m�OQZlIKD

x
OQA�B�DEB�F,G2HJX4Y-GJXKD

rTOQDEX�G�\vr1IKDES�\QUl`�@�AoB�DEB�F4G2HJX,Y-GJXKD�G�\'r1IKDEI4Y-rKO�O�SJp/H2plSJL�U1B�FwO|MbB�UKghB�DEB�DER�GJkKM�e-gh\QA'NES2e�B�DWN�L�H2GJL�F1B�F,ZlB�A[G�OQH2G�OQ]�OQF
�
ni(x) → nB

i

Z�O
x→ ∞ � `@�F1B�G2GJR�F4i/DEkK]delSJL�U1B�OKYQx2OoO~GJkKDWGJL'SJSJp/H2plSJL�U1B�G�{T�W{qB�DEB�F,G2HJIKDWNWG�B'SJB�GJL�]�`~��DWG�OQDP\Q]lITS�OQ]��

ρ(x) = q+n+(x) +

q−n−(x)
`�@�GJkKDWGJL'SJS2p/H2plSJL�UnO}gaOQD
MbB�DWDEB�G2Gj�?IKA'NWG2tWr�L'S�OQA&B�DEB�F4G2HJX,Y-GJXKD
G�\vr1IKDEI,Y-rTO�]d_/DWDP\QZlIKA}G�OQH2Gv`���A'G�O#HJL�GJB�U1B�G

]lB�r1B�A'NWF��K� �j�1���2�����a�K�?� �¡`
@¢Y-N¤£�¥/A¦HJL�GJB�UTe?B�]VDEB�r1RCGJkKDWGJL'Sj��IK]dGJITS�OQ]VB�DWDEB�]lSJ¥/DWc1IKA'AsObOQA&B�DEB�F,G2HJX4Y/IK]�DEB�r1R�GJkKDWGJL'S2Gv`(@�A&B�DEB�F4G2HJX,Y/IK]~DEL�r1R

GJkKDWGJL'S�B�F}HJL�GJB�U1BjL'S�O�Y-N¤£�¥/A�HJL�GJB�UTe?B�]�DEB�r1R�GJkKDWGJL'SJB�F#B�UTc,i/G2G�OQDWF1IKGyxJ\QF#O�F1B�G2GJRTS2HJL�GJB�U1B�Gv`���A�G2_/DPO¡x§Y/IK]/F1L��/��B�]bB�UTc
Y-NW��XKDWHJL�GJB�Ulm�OQMCN)B�UTc��?IKGJB�]l¨�NP\QDW_/UTH�\KS2G�DEL�GJB'S2tWG�OCGJkKM}e-ga\QA'NES2ZlIKA}r4NES2AvIK]dc4tWG2rTO-`©@�A}B�DEB�F4G2HJX,Y�ghB�DWi/DEB�GJL�]lB�F~��IKGJB�]-ª
¨�NP\QD xJ\QG�]lB�r1B�A'A'i/FoB�DEB�F4G2HJX,Y-��IKGJB�]l¨�NP\QDW]�OQF�`}«¬L�DW_/]/FVB�]/]lB�FoS2As\QMCtWG�\KS O-`�@­GJkKM�e-gh\QA'NES¦B�DEB�F4G2HJIKMbITS�OQ]�SJB�MCDEB�U1B'Ssm
B�AvL�H2G�\QG2DPOQU1ITS�B�DEB�F4G2HJIKMbITS���IKGJB�]l¨�NP\QD x2O�AvL�H2_lSs`
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@�A}B�DEB�F4G2HJITS2A'G�OQG2NWFTO�F1L�G�OQDPOQ�?B�UTc1B�]/DEB�GJB��[O����©B�DWD�� `/L'S���� `4GJkKH2r1L�]dc1BT�

∇ ·D(r) = ρ(r)
� { �

L'S
∇×E(r) = 0

��� �
@�A#B�DESJRnB�UTc1B�]/DEB�G2e�B�]

D = ε0εE
OQA�B�DEB�F,G2HJIKMbITS�B�DWGJIKDP\KS�r1B�F4GJIKH�O-m

ε
OCF1kKAvB�U�Y-NEB�DEB�F4G2HJIKMbITS&\QDWDPOQ]lY/XQx2O-m

ε0O}rT\QF,_/_/M ��B�H2MCNWG2G2NWr,NWG�\KS�O�L'S
E
OQA�B�DEB�F,G2HJIKMbITS�GJL�HJB�HJRTSJS�L�Ul`�@�A�B�DEB�F,G2HJIKF1L�MCNPOQN�F1B�G2GJRTS2HJL�GJB�UnOQDPOQ�,r1B�GJR#MbI,Y/B�DWD¤ª

x2B�NWe�B�][OQA�IKDEY/XTS2AvB�H2G�B�UTc�ghIKDWc4GJIK]lITS�Y-NEB�DEB�F4G2H2NWF,_/MCMnOQD=tWHyxJ\QF~DEBT`�@�A#IKDEY/XTS2AvB�H¦OCDEB�UTGJkKe/e�B'SJB�G2e?B�]or,tWA1m?OQMCNW]lB�F
O�Y-NEB�DEB�F,G2HJIKMbITS�\QDWDPOQ]lY/XQx2O

ε = 78.46
`w@�A�IKDEYlOQGnY-NEB�DEB�F4G2HJIKMbITSq\QDWDPOQ]lY/XQxJO�O[F1IK]l¨'B�]dG2H�\K¨�NEXu]lkvr1B�F1B'Y/L'SJL�r1B�D

¨'S�kKF,F1B�]�mlB�A'G�NES �lUTc1B�DEB�M}e�B&DEB�ZlB�G�r1B�]/]/Na`
@ Mn\KS�I,Y-NWF�B�UTc1B�]/DEB�Gvm)MbB�DWc�S2AvB�H2NW],G#OQAbB�DEB�F4G2HJITS2A'G�OQG2NWF,_lS}GJL�H&HJIKG�\K¨�NEXQxJO�AvL�H2_lSvm�OQA'G&gyB x2B�A'N�F,Nam)ZlIKUTc�O~GJL�H

F1IK]/AvB�H2rTOQG2tWr�L'SjDEL�GJB�A'NWF��?IKGJB�]l¨�NP\QD xJO-m$OQMCN)OCGJL�HJB�HJRTSJSJL�UTU1B�D�O#F1ksr1B�G2F1B�AvRnr4NES2AvIK]dc4e�OQ]o\QDWDa�

−∇ψ(r) = E(r)
��! �

OQAsOQA�OuGJL�HJB�HJRTSJSJL�UfO^�?IKGJB�]l¨�NP\QD�]lB�UdOQG2tWr9UTH�OKY-NEB�]lSJBT`�@ ]lB�UdOQG2tWr B�DERQx§B�D�MbB�Ud\QDWDPOQ�?I4Yl\KS�F1L�HJY/L'SJBTm�O���IKA'NWG2tWr
NEIK]lIKF�OQe/e�OQ]�OnGJL�HJB�HJRTS�SJL�UqNWH�\Q],cd\Qe�O�MbIKAvIKUT]�OQFoL'S¦On�?IKGJB�]l¨�NP\QD�¨'S�kKF,F1B�]lL'SJL�]lB�FVNWH�\Q]dcd\Qe�O-`}@­GJL�HJB�HJRTS�SJL�UTe?RKD
NW],GJB�UTH�\QDP\KSJS�OQD�FTOQ�/Z�OQGJX�On��IKGJB�]l¨�NP\QDam�OQMCNWe�RKD	HJkKUTGJkK]oF1ksr1B�G2F1B�A'NWF?m�ZlIKUTc[Ob��IKG2HJB�]l¨�NP\QD�¨'S�OQF�B�UTc�GJB�GJS2AvRKDEB�U1B'SJB�]
rT\QDPOKS2A'G2Z�OQGJX�F1IK]lS2G�OQ]lSjB�HJB x2L�NWUCMbB�UTZ�OQG�\QHJIKAvIKG2G�MbB�]/],c,NESJL�Ul`(��A&\QDWG�OQDP\Qe�OQ]�]lB�M IKF1IKA¦U1IK]lY/IKGvm-MbB�H2G�OQM}¥/UTcnNES
¨'S OQF�F1L�G��?IK],G�F1kKAvkKG2G2N)��IKGJB�]l¨�NP\QDWF4i/DEkK]delSJL�UTHJB#rTOQUTc,_/]/F�F,tWrT\Q]l¨'S2NPOQF � O#ghB'S2A'i/DWGJSJL�UTHJB � `¬��OCMbL�UTNES�S2A'i/F-SJL�UTi/]/FrTOQ] O��?IKGJB�]l¨�NP\QD�OQelS2AvIKDW¥/G�L�H2GJL�F1L�HJBTm�rK\QDPOKS2A'G�OQ],_/]/FfF1B�DWD�B�UTcz],_/DWDW�?IK],GJIKGv`#"�H2NWr4NP\QDWNESqrK\QDPOKS2A'G�\KS�O|r1L�UTGJB�DEB�]�m
MCNW],G�r4NES2AvIK]dc4tWG�\KS2N��?IK],Gvm�OuGJkKDWGJL'S2HJB�]lY/SJAvB�H2i/]/F,GJRKD&r1L�UTGJB�DEB�]¢G�\'r1IKDES�\QUTe�OQ]�Ou��IKGJB�]l¨�NP\QD¦]d_/DWDP\QZlIKA�G�OQH2Gv`%$�B
Mn\KSnrK\QDPOKSJA'G�\KSbNESbDEB�ZlB�GJS�L�U1B'SvmjO�HJB�]lY/S2AvB�H2GJRKD�gyi/UTU1R4B�]�m�OQAoB�DEB�F,G2HJIKF1L�MCNPOQN�¨'B�DWDP\QFfB'SJB�GJL�e?B�]w�/Da`9O|S2G�OQ]lYlOQHJY
Z/NEY-HJIKU1L�]lB�DEB�F4GJX4Y���IKGJB�]l¨�NP\QD x2ObOC]d_/DWDW��IK]dGv`

@�A¬B�DEB�F,G2HJIKMbITS=F1B�G2GJRTS2HJL�GJB�UTe�B�]bOQA¬B�DEB�F4G2HJX4Y/IKG=B�UTc&r1L�UTGJB�DEB�]#F4NWGJB�Hyx§B'Y/L'S2p#GJkKDWGJkKG2G�S2tWF�ghB�DWi/DEB�G2GJB�D,MbI4Y/B�DWDEB�A'NWF?m
B�MCNPOQG2GjO¦HJB�]lY/SJAvB�H(�/DPOQ]�\QH2NES¬U1B'IKMbB�G2H2NP\'rTOQD$HJB�]lY/B�DWF1B�A'NWF���O¦HJB�]lY/SJAvB�H¬O�ghB�DWi/DEB�G2GJB�D?��\QH2Zd_/AsOQMbITS¬F1L�G©Y-NWMbB�]/A'NEXKH�O
]lL�A'r1B}ZlIKMbIKU1L�]�`���AvL�H2G�OQAb{T`�B�UTc1B�]/DEB�GjghB�DWtWH2Z�OQGJXbB�UTc~Y-NWMbB�]/A'NEXKe�OQ]��

dD(x)

dx
= ρ(x)

�'& �
OQZlIKD

D(x)
OQAuB�DEB�F,G2HJIKMbITSoB�DWGJIKDP\KS~r1B�F,GJIKH�\Q]�OQF

x
ªaF1IKMC�?IK]lB�]lSJBT`)(lB�DWGJL�r1BTm¦ZlIKUTc OzY-NEB�DEB�F,G2HJIKMbITS[\QDWDPOQ]lY/X

F1IK]lSJG�OQ]lSvm�OQAsOQA�O�Y-NEB�DEB�F4G2H2NWF,_/M ZlIKMbIKU1L�]�m�B�A�ghB�DWtWH2Z�OQGJXnO���IKGJB�]l¨�NP\QD)SJB�UTtWGJSJL�U1L�r1B�Da�

D(x) = ε0εE(x) = −ε
dψ(x)

dx

��* �
��A'G~OQA|OQDPOQF1IKG�OQA & ` B�UTc1B�]/DEB�G2e�BoZlB�DWc1B�G2GJB'SJtWG2r1BoFTOQ�-x§_/F9O,+=IKNESJSJIK]-ª�B�UTc1B�]/DEB�G�{[Y-NWMbB�]/A'NEXTSvm�O�F1B�G2GJRTS2HJL�GJB�U
�/HJIKe/DEL�Mn\QH�O�OQDWFTOQDWMnOQA'Z�OQGJXnOQDPOQFsxJ\QGv�

d2ψ(x)

dx2
= −

1

ε0ε
ρ(x)

��- �
�



@ +=IKNESJSJIK]-ª�B�UTc1B�]/DEB�G¦\QDWG�OQDP\Q]lITS�OQDPOQF¡x2O

∇ · [ε(r)∇ψ(r)] = −
1

ε0
ρ(r)

� � �
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@ +=IKNESJSJIK]-ª�B�UTc1B�]/DEB�G�B�UTc[Y-N¤£
B�HJB�]l¨�NP\QDEB�UTc1B�]/DEB�Gvm�OQMCNWG�O�MbB�UKgyB�DEB�DER��?B�HJB�M�ghB�DWGJL�GJB�DEB�F,F1B�D(MbB�U�F1B�DWD�IKDEYlOQ]/Na`b��D¤ª
G�OQDP\Qe�OQ] O�GJkKDWGJL'SJSJp/H2plSJL�U1B�DEITS2A'DP\KSqNES2MbB�H2Gvm�OQMCNW]lB�FzNES2MbB�HJB�GJL�e�B�]wMbB�U^F1B�DWD�Z�OQG�\QHJIKA']/N�O��?IKGJB�]l¨�NP\QDWGv`���A�OQA
B�UTc1B�]/DEB�G�OQDWFTOQDWMnOKS�OQe/e~O¦�/HJIKe/DEL�MnO�MbB�U1IKDEYl\KS�\QH�O-m4MCNW]dGjOQA � ` ��O�� �¬B�DWD?B�UTc1B�]/DEB�G � {T`	B�UTc1B�]/DEB�G � `�MbB�H2G�S2FTOQDP\QH§ªB�UTc1B�]/DEB�G�L'Sj]lB�M�r1B�F4GJIKHJB�UTc1B�]/DEB�Gv`

")B�UTc4i/FzghB�Dam�ZlIKUTc
ρ(x)

HJB�]lY/B�DWF1B�AvL'S2HJB|\QDWDamjMbIK]lYQx§_/F �oIK],GJB�«�OQH2DEI S2A'NWM�_/DP\K¨�NEXvrTOQD¦F,NESJAs\QMCtWGJIKG2G2_/F?`�@
F1B�G2GJRTSJHJL�GJB�UoB'SJB�GJL�e�B�]uO���B�HJB�M�gyB�DWGJL�GJB�DEB�NW]/F^O�F1ksr1B�G2F1B�AvRKF?�}MCNW]lY^O��?IKGJB�]l¨�NP\QDam�MCNW]lY^O�GJL�HJB�HJRTSJS�L�U�]d_/DWDP\QZlIKA
F1B�DWDamlZlIKUTc�G�OQH2GJS�IK]oOQZlIKUTc

x→ ∞
`

�oB�UTM�_/G�OQG2Z�OQGJX/mlZlIKUTc�O#MbB�U1IKDEYl\KS�B�DER1\QDWD=O�F1kvr1B�G2F1B�AvRnNW]dGJB�UTH�\QD=OQDPOQF¡xJ\Qe�OQ]��

ψ(x) = −
1

ε0ε

∫

∞

x
ρ(x′)(x− x′)dx′

��� �
@�e/NWAvIK]dc4tWG�\KSbB�UTc4SJAvB�H2p�m�F1L�GJS2AvB�HCY-N¤£�B�HJB�]l¨�NP\QDW]/NjF1B�DWD

ψ(x)
ª�B�Gvm©L'S#r,NESJSJAsOQFKOQ�-x§_/FuO +�IKNESJS�IK]-ª�B�UTc1B�]/DEB�GJB�Gv`�
¦L�G

G�OQUTH�OCe?IK],G2rKObOC�?IKGJB�]l¨�NP\QDWG

ψ(x) = −
x

ε0ε

∫

∞

x
ρ(x′)dx′ +

1

ε0ε

∫

∞

x
ρ(x′)x′dx′

��� �
L'S�Y-N¤£�B�HJB�]l¨�NP\QDWrTO � OQA}B�DES�R�G�OQU1IKG�S2AvIKH2AsOQG2F1L�]dG � FKOQ�-x§_/F��

dψ(x)

dx
= −

1

ε0ε

∫

∞

x
ρ(x′)dx′ −

x

ε0ε
ρ(x) +

x

ε0ε
ρ(x)

� {�� �
OQZlIKD�gyB�DWZ�OKS2A']�\QDWG2_/F�m/ZlIKUTc

d

dx

∫

∞

x
ρ(x′)dx′ = ρ(x)

� {T{ �
MCNWr1B�D(O�Y/B�H2NWrT\QDP\KS}OQA�NW]dGJB�UTH�\QDP\KS}NW]dr1B�H2ACM}p/r1B�DEB�GJBT`�@�{��-`�B�UTc1B�]/DEB�GJB�G&¥Kx§H�OqY-N¤£
B�HJB�]l¨�NP\QDWrTO�B�DER1\QDWD(O +=IKNESJSJIK]-ª
B�UTc1B�]/DEB�Gv`©@�A&B�DEB�F4G2HJIKMbITS�GJL�HJB�HJRTS�SJL�UqO�{��-`�B�UTc1B�]/DEB�G2e�RKDa�

E(x) = −
dψ(x)

dx
=

1

ε0ε

∫

∞

x
ρ(x′)dx′

� { � �
��OCGJB�Z�\QG�O�GJkKDWGJL'SJS2p/H2plS�L�UnNES2MbB�H2Gvm�]d_/MbB�H2NWF4_lS�NW],GJB�UTH�\QDP\KS�S�B�UTtWGJSJL�U1L�r1B�D	OC�?IKGJB�]l¨�NP\QDW�/HJI �lD=MbB�UTZ�OQG�\QHJIKA'Z�OQGJX~O
� `(B�UTc1B�]/DEB�G2e?RKDa`

� 6 � � ��� � ������	�����	�� 8����� ��J8=<
@�!"!�`QS2As\QAsOKY�B�DEB x§L�]$#�IK_/c}L'S�«©Z�OQ�/MnOQ]nB�UTc4Mn\KS2GJXKD4gyi/UTU1B�G2DEB�]di/D/F1kKAvkKDWGJL�F#O +=IKNESJSJIK]-ª�B�UTc1B�]/DEB�G�MbB�U1IKDEYl\KS \QG(O
% IKDWG2A'MnOQ]/]-ª�B�DEITS2A'DP\KS=ghB�DWGJL�GJB�DEB�AvL'SJL�r1B�Da`=��AvL�H2G	B�A�G2_/DPO¡x§Y/IK]/F1L��/��B�]#]lB�M¢Mn\KSvm¡MCNW]dG	O�+=IKNESJSJIK]-ª % IKDWG2A'MnOQ]/] � + % �
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B�UTc1B�]/DEB�Gv`o@ +�IKNESJS�IK]-ª�B�UTc1B�]/DEB�G�� r1B�AvL�H2DWN���OQAqB�DEB�F4G2HJITS2A'G�OQG2NWFT\QGvm�O % IKDWG2A'MnOQ]/]-ª�B�DEITS2A'DP\KS#��B'Y-NWU[O�SJG�OQG2NES2A'G2NWF,_lS
MbB'¨�Z�OQ]/NWFK\QGv`���UTcdOQ]lB�A[O[MbB�UTF1kKAvB�DWtWGJL'SqZ�OKS2A']�\QDPOQGJITSbNEIK]lIKFzS2AvIKDWrTOQG�\K¨�NEXQx2\Q]�\QD�GJkKM}e-ga\QA'NES2e�OQ]�m�OQZlIKD $�B�edc1B ª
��il¨JF1B�D � $�� � B�DWMbL�DEB�G2]lB�F�Z/tWr¡x2\QF�mvNWDWDEB�G2r1B�F1IKDWDEIKNEY-F1L�MCNP\Qe�OQ]�m1OQZlIKD $�B�HyxJOQUT_/NW]-ª��)OQ]lYlOQ_-ª���B�H �¬B�cdª	��r1B�H2e�B'B�F � $
����� �B�UTc1B�]/DEB�G2]lB�F�]lB�r1B�A'NWF�` @ e/NEI �lA'NWFK\Qe�OQ]�B�UTc4S2AvB�H2plB�]�¨'S OQF +=IKNESJSJIK]-ª % IKDWG2A'MnOQ]/]�B�UTc1B�]/DEB�G2]lB�F ]lB�r1B�A'NWF?`�@�A
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ni(x) � g i/UTUTr1L�],c1L�e?B�]��

d2ψ(x)

dx2
= −

1

ε0ε

∑

i

qini(x)
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(�B�DWGJB'SJS2A'i/F�m/ZlIKUTc~B�AvB�F,HJB&OCSJp/H2plSJL�UbB�DEITS2A'DP\KSJIKF4H�ObO % IKDWG2A'MnOQ]/]oB�DEITS2A'DP\KS�L�H2r1L�]dc1B'Sv�

ni(x) = nB
i exp(−qiψ(x)/kT )
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ZlB�DWc1B�] G�OQH2GJXKA'F1I,Y-NWF�`���A�OVrTOQDEXTS2A'tW]dplSJL�U|OQ]/]�OQF�OQA�B�]lB�H2UTNP\Q]�OQFuOQA�B �4��IK]lB�]lSJL�r1B�D

OQH�\Q],c1ITSvm�OQMCNWG�OQA�NWDWDEB�GJR#NEIK]~OQA&OKY/IKG2G�ZlB�DWc1B�]�ghB�DWr1B'S2A
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B�UTc-SJL�UTe�B�]qMbL�H2r1BT`���\QG2Z�OQGJX/m/ZlIKUTcqOQA¦B�UTc1B�]/DEB�G�B�UTc
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e�RKDa`�@�A
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µi = kT ln [Λini(x)] + qiψ(x)
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@�GJkKM}e-ga\QA'NES2e�OQ]�O�F1L�MCNPOQN���IKGJB�]l¨�NP\QD

µi = kT ln(Λin
B
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ψ(x) = 0
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L�H2GJB�GJR4Y/R4B�]�SJAvIKDWUd\QDWG�OQGyx2O-m
L'S�Z�OqB�DWMbL�DEB�G2GJB�D(OQFKOQH2]�\Q]/FoF,NES2As\QMCtWG�OQ]/N�RKF1B�Gvm�B�UTcoOQACB�DEB�F4G2HJITS2A'G�OQG2NWF,_lS¦B�]lB�H2UTNP\QH�O
r1IK]�OQG2F1IKAvX}B�UTc4S2AvB�H2p % IKDWG2A'MnOQ]/]-ª�B�DEITS2A'DP\KSJ]�\QDlghB x DEB�G2GJB�e/ebS2G�OQG2NESJA'G2NWF,_lS	MbB'¨�Z�OQ]/NWFKOQN�B�DWMbL�DEB�G2HJB�rKOQ]CS2A'i/F-SJL�UTi/]/F�`
�)L�GJB�A']lB�F&NWDWc1B�]}B�DWMbL�DEB�GJB�F�mK�/Da`�F4i/DEkK]de�kKAvR�NW]dGJB�UTH�\QDEB�UTc1B�]/DEB�GJB�F�mdOjgyRKF1kKM�e/NdF1kKAvB�DWtWGJL'SvmQrTOQUTc�S2p/H2plS�L�UKg _/]/F1¨�NEIK]�\QD¤ª
B�DWMbL�DEB�GJB�F�`
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d2ψ(x)

dx2
= −
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ε0ε
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qin
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i exp(−qiψ(x)/kT )
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ψ(x) → 0
Z�O

x→ ∞

� kKUTA'tWGJS2i/F~OQA&B�DEB�F4G2HJX,Y-��IKGJB�]l¨�NP\QDWGv�
ψ(0) = V
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NW]lBvOQH2NWAs\QD x§_/F OQA�B�UTc1B�]/DEB�GJB�G�����Z/ZlB�A[gyB�D�F1B�DWD�GJB�]/]/Nam�ZlIKUTc

qiψ(x) � kT
` ��F4F1IKH�OQA[B �-�?IK]lB�]l¨�NP\QDWNES

% IKDWG2A'MnOQ]/]-ªhgaOQF,GJIKH�SJIKH2e�O¡ghB x G2ZlB�GJR/�
e−y = 1 − y +

y2
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− · · ·
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qin
B
i exp(−qiψ(x)/kT ) =

∑

i

qin
B
i −

∑

i

qin
B
i

qiψ(x)

kT
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ZlITS�S2AsOQGv�

κ2 =
∑

i

q2i n
B
i

ε0εkT
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d2ψ(x)

dx2
= κ2ψ(x)
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ψ(x) = V e−κx ��� � �
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m−1 Y-NWMbB�]/A'NEXQx§¥ � m-OQMbB�DWc�OQDPOQG2G¬O¦��IKGJB�]l¨�NP\QD
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qiψ(x)

kT

]

= nB
i

[

1 −
qiV

kT
e−κx
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V
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∞
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[
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∞
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[
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∑
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∞
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(

∑

i

q2i n
B
i

)

V

κkT
=
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∑
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V ↔ σ
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d/2

G�\'r1IKDES \QUT]�\QD�x2IKe/e�OQ]|MbB�UTF1kKAvB�DWtWGJSJL�F?`C@�ACB�DEB�F,GJX4Y-ZlIKA

-



F1kKAvB�D
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B�HJB�]l¨�NPOQ��IK]dG¬MbITS2G�]lB�M�OQA
x = 0

mdZ�OQ]lB�M�OQA
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OQMCNWG�Y-N¤£?¥/A'HJL�GJB�UKªa��IKGJB�]l¨�NP\QDW]�OQF�]lB�r1B�A'i/]/F�`b��F4F1IKH&Z�OKSJIK]/DEX�MbB�UKghIK]dGJIKDP\KSJIKF^OQDPOQ�-xJ\Q]�FTOQ�-x _/F�O��?IKGJB�]l¨�NP\QDWH�O-m
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i

[

1 −
qiVd

kT
e−κ(x−d/2)

] ��! ! �
� ]dGJB�UTH�\QDWrTO � MbITSJG

d/2
ªaGJRKD

∞
ªaNWU � L'S�O#GJkKDWGJL'SJSJB�MCDEB�U1B'SJSJL�UTN)gyB�DWGJL�GJB�DWG�F,NWZ�OKS2A']�\QDWrTO#FTOQ�-x _/F��

σ = ε0εVdκ = ε0ε

(
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=
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q1 = e
L'S
q2 = −e � m�OQAoNEIK]lIKFw\QG2MbL�HJRQx2B d = 3 � = 3 × 10−10 M�m�O

F1IK]l¨'B�],G2H�\K¨�NEX
c = 1

���#{¦MbIKD��QY-M 3 m$O#ZlRKMbL�HJSJL�F,DEB�G T = 295.15

CmlOCY-NEB�DEB�F4G2HJIKMbITS�\QDWDPOQ]lY/X

ε = 78.46
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σ = −0.1
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d � `�@���IKGJB�]l¨�NP\QDWG}B�F,F1IKH
MbB�UdOKY-Z�OQGyx§_/F

kT/e
B�UTc-SJL�UTe�B�]�`���UTc�B�DEB�MCN
GJkKDWGJL'SjB�]lB�H2UTNP\¡x2ObO���IKGJB�]l¨�NP\QDWGJL�H2e?B�]

eψ
m/B�A¦B�]lB�H2UTNPOCY-NWMbB�]/A'NEXQx§¥

MbB�]/],c,NES�L�Ul` $�NWMbB�]/A'NEXC]lL�DWF4i/DWN�MbB�]/]dc4NESJL�U1B�G�FTOQ�/_/]/F�m/Z�O�B�A'G
kT
ªaZlB�A&r4NES2AvIK]dc4tWGyx§_/F?`

@ ghB�DWi/DEB�G2NjGJkKDWGJL'SJS2p/H2plSJL�U1B�G � GJkKDWGJL'S
�sgyB�DWi/DEB�G � «	�¡M 2 ªae�B�] MbL�Hyx i/F�m©OoHJB'Y-_/FT\QDWGCGJkKDWGJL'SJS2p/H2plSJL�U1B�Gn�?B'Y-NWU�tWUTc
FTOQ�-x§_/F?�

σ∗ = σd2/e
`�@¢gyB�],G2N
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F1I4¨JFT\Qe�OQ]|DEL�r1R�HJL'S2AvB'¨'S2F1L�F[S2As\QMnO-`}��AnOQF,F1IKH�DEB�]/]lBCB�UTc1m�Z�O�O�HJL'S2AvB'¨'S2F1L�FoF1kKe?kTS�H�\K¨'S2e�OQ]|B�UTc4Mn\KS2G¦L�H2NW]dG2r1B
ZlB�DWc1B�A'F1B'Y-]lL�]lB�F�B�Da`­��]/]lL�D�rKOQDEXQxJ\Qe�OQ]�O�HJB'Y-_/FT\QDWG�S2p/H2plSJL�U DEB�ZlBV]�OQUTc1IKe/e�m�MbB�H2G~O���OQF1IKDP\KS�DEB�ZlB�G~B�]/]lL�F
SJAvIKHJITS�OQe/e�m	MbL�UVghIKDWcdOKY/L�F|ga\QA'NES2e�OQ]�NESv`V��e/e�B�]zOQAqB'SJB�G2e�B�] OQAvIK],e�OQ]�m�MCNWr1B�DjOQA�IKDEY/XTS2AvB�H2MbIKDEB�F4_/DP\QFTOQG#]lB�M
F1B�AvB�D x§i/FwB �-�/DWNE¨�NWGJBTm�O�SJp/H2plSJL�U�¨'S OQFzOQA[NEIK]lIKFz��OQHJ¨�NP\QDWNES�S2p/H2plSJL�U1BT`���A[B�UTczF4NESbMbB�]/],c,NES�L�U � Ud\QAqx§B�DWDEB�UTp � �
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i ∗ = 0.0163
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σ
ªaZlIKA[MbB�UdOKYQxJO O���IKGJB�]l¨�NP\QDWGvm�OQA�OKY/IKG2G

HJB�]lY/SJAvB�H2HJBCB�AbB�UTAsOQF,G¦B�HJB'Y-MbL�]dc4]lB�F[GJB�F,NW],G2ZlB�GJR/`���AnOQACL�H2GJL�F
eV/kT = −2.212

m=OQMCN=ª �-` � * - � ��ªa]�OQFVgyB�DEB�D
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cation MC 
cation GC fixed V
cation GC fixed σ
anion MC
anion GC fixed V
anion GC fixed σ
charge MC
charge GC fixed V
charge GC fixed σ

eV/kT = -2.212, σ = −0.1 C/m2

��\QGJS2A'NWF?m�ZlIKUTc�O #&« B�HJB'Y-MbL�]dc1B�F­OfF1L�G|B'SJB�G2e�B�]�]lL�MCNWDEB�U�F4i/DEkK]de�kKAvR,B�F�` � kKUTA'tWGJB�G2G|B�DEB�F4G2HJX,Y-GJkKDWGJL'S2]lL�D
_/UTcdOQ]�OQA'G�OQA�B�HJB'Y-MbL�],c,GnFKOQ�/]�\Q]/F�m�Z�O|O ��« L'SbO #&« GJkKDWGJL'S2�/HJI �lDEIKFTOQGCNW]dGJB�UTH�\QDW]�\Q]/F�m¬G2_lY-]/NWNWDWNWF OQA~B�DEB�F,ª
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GC fixed V
GC fixed σ

eV/kT = -2.212, σ = −0.1 C/m2
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x = 0
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