
Appendix V: The Laplacian 
Operator in Spherical Coordinates 

Spherical coordinates were introduced in Section 6.4. They were defined in 
Fig. 6-5 and by Eq. (6-54), namely, 

X = r sin 0 cos cp, (1) 

y = r sin 0 sin (p (2) 

and 
z = r cos 0. (3) 

Although transformations to various curvilinear coordinates can be carried out 
relatively easily with the use of the vector relations introduced in Section 5.15, 
it is often of interest to make the substitutions directly. Furthermore, it is a 
very good exercise in the manipulation of partial derivatives. 

The relations given in Eq. (1) lead directly to the inverse expressions 

r^=jc^-^y^-^z\ (4) 

/ ^ ^ 
sin 0 = (5) 

r 
and 

tan (f = -. (6) 
X 

The necessary derivatives can be evaluated from the above relations. For 
example, from Eq. (4) 

- ^ = i(jc2 + y2 + zY^^\2x) = -= sin 0 cos cp. (7) 
ox ^ r 

Similarly, Eq. (5) leads to 

dO xcos^O cos 0 cos (p 

dx 7? tan 0 r 



364 MATHEMATICS FOR CHEMISTRY AND PHYSICS 

and, Eq. (6) to 
d(p_ ^ sincp 

dx r sin 0 

Note that in the derivation of Eqs. (8) and (9) the relation (d/dg) tan g = 
sec^g has been employed, where g can be identified with either 0 or cp. The 
analogous derivatives can be easily derived by the same method. They are: 

(10) 

(11) 

(12) 

(13) 

(14) 
dZ r 

and 

(15) 

The expressions for the various vector operators in spherical coordinates 
can be derived with the use of the chain rule. Thus, for example. 

dr 

9y 

de 
dy 

dip 

dy 

dr 

Vz 
do 
a l 

= sin 0 sin (p, 

cos 0 sin cp 

r 

cos ip 

r sin 0' 

= cos 0, 

sin 0 

r 

d 

dx ~ \dx) a7 "̂  \dx) 'do "̂  \dx) â  
d COS 0 cos (p d sin (p d 

= sinOcos(p 1 , (16) 
dr r dO r sin 0 dcp 

with analogous relations for the two other operators. With the aid of these 
expressions the nabla, V, in spherical coordinates can be derived from Eq. 
(5-46). 

To obtain the Laplacian in spherical coordinates it is necessary to take the 
appropriate second derivatives. Again, as an example, the derivative of Eq. 
(16) can be written as 
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a 
dx 

I — I = — - = sin 0 cos (plsinO cos cp —-
^ cos 0 cos (D d^ 

+ 

cos 0 cos (p d sin cp d 
+ 

r drdO 

sin (f d 

dO rsinOdrdcp r^ sin 0 dip 

+ 

-f-

+ 

cos 0 cos (p d^ a 
sin 0 cos w h cos 0 cos cp — 

cos 0 cos (p â  sin 0 cos (p d sin (p â  

r a ^ 

cos 0 sin (p a 

rsin^O d(p 
sin (p 

r sin 0 

a cos 0 cos (p a 
— sin 6 sin (p 1 

dr r dcpdO 

sin cp a cos cp a 

dO r sin 0 dcpdO 

a2 
sin 0 cos cp 

drd(p 
cos 0 sin cp a 

r sin 0 dcp^ r sin 0 dcp \ 

dO 

(17) 

The corresponding operators in y and z are derived in the same way. The sum 
of these three operators yields the Laplacian as 

^2 a^ a^ a^ 

dx^ dy^ dz^ 

a^ 2d 1 a^ cote a 1 

ar2 rdr r^ 80^ r^ dO r^ sin^ 0 dcp^ 
(18) 

or 

W' = 
3r V drj 

1 a / a 
+ -z IsinO — 

r2 sin OdO\ 80 h-. 1 32 

^sin^edcp^ 
(19) 

Equation (19) is the classic form of this operator in spherical coordinates as 
given in Eq. (6-55). 


