12 Approximation Methods
in Quantum Mechanics

12.1 THE BORN-OPPENHEIMER APPROXIMATION

In this section the Born—Oppenheimer approximation will be presented in
what is necessarily a very simplified form. It has already been introduced
without justification in Section 6.5. It is certainly the most important — and
most satisfactory — approximation in quantum mechanics, although its rigorous
derivation is far beyond the level of this book. Consider, therefore, the following
argument.

A stationary state of a polyatomic molecule can be described in quantum
mechanics by a wavefunction ¢ and an energy ¢. Thus, according to Schro-
dinger,

Hy = ey, D

where H is the total Hamiltonian of the system; it depends on the electronic,
nuclear and spin coordinates. Thus, the Hamiltonian is a function of a large
number of independent variables that must be separated, at least approximately,
to obtain equations that can be solved for variables of each type.

It is usually assumed that the spins that are included in the Hamiltonian can
be removed. The variables involving spins of the various particles will thus
be eliminated, and the Hamiltonian remains then a function of the positions
of the nuclei and the electrons.

The separation of the electronic and nuclear motions depends on the large
difference between the mass of an electron and the mass of a nucleus. As
the nuclei are much heavier, by a factor of at least 1800, they move much
more slowly. Thus, to a good approximation the movement of the electrons
in a polyatomic molecule can be assumed to take place in the environment
of the nuclei that are fixed in a particular configuration. This argument is the
physical basis of the Born—Oppenheimer approximation.

The Hamiltonian for a system composed of a number of nuclei and electrons
can be written in the form
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The first two terms in Eq. (2) represent the kinetic energy of the nuclei and
the electrons, respectively. The remaining three terms specify the potential
energy as a function of the interaction between the particles. Equation (3)
expresses the potential function for the interaction of each pair of nuclei. In
general, this sum is composed of terms that are given by Coulomb’s law for
the repulsion between particles of like charge. Similarly, Eq. (4) corresponds
to the electron—electron repulsion. Finally, Eq. (5) is the potential function
for the attraction between a given electron (i) and a nucleus (j).

It is useful in the present context to separate the Hamiltonian of Eq. (2) into
two parts, as given by

A 2

2
N N n h
H=He + Hpyey = — E Z—mviz+ Vie + Vij — E WV12+ Vij. (6)
i ! j J

It is then assumed that the wavefunction can be approximated by the relation
Y = Yeiec Ynucr- The first three terms in Eq. (6) are referred to as the electronic
part of the Hamiltonian, while the remaining two terms represent the nuclear
Hamiltonian. The Schrodinger equation for the general problem can then be
written as

. h? n?
H(‘/felecwnucl) - - E Vz(‘pelee'ﬂnud) - E ij(vfelecv/nucl)
; ZMJ J : 2m,~

+ (ij' + Vi + Vij)Weleanucl = gwelecvfnucl‘ @)

As the first term on the right-hand side of Eq. (7) expresses the kinetic energy
of the nuclei, it is assumed that the wavefunction for the electrons is not
modified by the corresponding operator. In other words the movement of the
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nuclei takes place within the so-called electron cloud that is developed by the
average positions of the ensemble of electrons. Inversely, in the second term
of Eq. (7) the operator over the electronic coordinates has no effect on the
nuclear wavefunction, as the nuclear positions are taken to be fixed over the
period of time of electronic motion.

The imposition of the above approximations on Eq. (7), followed by division
by Y., leads to the relation

1#elec Z h2 szp + Z h2 V2+V v ‘/f
wnucl ; 2Mj j ¥nuc 2m,~ i ii’ i elec

i

— (e~ ij’)l[/elec =0. (8)
The quantity in square brackets can be readily identified as
ﬁelec Ix[/elec = &elec welec, (9)

where € = €..c + Enuer. With the aid of this substitution and multiplication by
Vuet [ Welee, the expression

h2
Z (_WV?wnud) + ‘Gj/Wnuc[ + (8€I€C - 8)‘/}nucl =0 (10)
i J

is obtained. If Eq. (10) is written in the form

(ﬁnucl + eelec)'l/nucl = Sw'tucl’ (1 )

it becomes evident that the electronic energy enters the Hamiltonian for the
nuclear motion as an effective potential function. Thus, if the “electronic
problem”, as given by Eq. (9), has been solved as a function of the nuclear
geometry, the resulting energy contributes to the potential function that governs
internuclear displacements.

The argument presented in the preceding paragraph is perhaps easier to
understand with reference to a diatomic molecule. In this case Eq. (9) is solved
for each value of the (fixed) interatomic distance. The resulting electronic
energy, as a function of this distance, is then substituted in Eq. (10) to yield the
Schrodinger equation for the relative nuclear motion, as given by Eq. (6-70).
The function V;; is just the Coulombic repulsion between the two positively
charged nuclei, while ., is the potential function that describes the forces
created by the electron cloud.

It should be emphasized that the Born—Oppenheimer approximation is an
extremely good one. Only in certain questions in the interpretation of the
molecular spectra of small molecules in the gas phase is it necessary to
consider its inherent errors. Therefore, it will not be considered further. There
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are, however, other approximations that are important in many areas of physi-
cal chemistry and physics.

Several examples of the application of quantum mechanics to relatively
simple problems have been presented in earlier chapters. In these cases it was
possible to find solutions to the Schrodinger wave equation. Unfortunately,
there are few others. In virtually all problems of interest in physics and chem-
istry, there is no hope of finding analytical solutions, so it is essential to
develop approximate methods. The two most important of them are certainly
perturbation theory and the variation method. The basic mathematics of these
two approaches will be presented here, along with some simple applications.

12.2 PERTURBATION THEORY: STATIONARY STATES

12.2.1 Nondegenerate systems

In many problems for which no direct solution can be obtained, there is a wave
equation which differs but slightly from one that can be solved analytically.
As an example, consider the hydrogen atom, a problem that was resolved in
Section 6.6. Suppose now that an electric field is applied to the atom. The
energy levels of the atom are affected by the field, an example of the Stark
effect.” If the field (due to the potential difference between two electrodes, for
example) is gradually reduced, the system approaches that of the unperturbed
hydrogen atom.

With the experiment described above in mind, represent the Hamiltonian of
the unperturbed system by HY and that of the perturbed system by

H=H"+)1H" (12)

Assume that the perturbation, AH' is small compared with ﬁo, where X\ is
a parameter. As A — 0, the eigenvalues and eigenfunctions are those of the
unperturbed system, as given by

A0 = &y (13)

They are assumed to be known. Furthermore, it should be recalled that the
eigenfunctions ¥ form a complete orthogonal set. The equation of interest is

(H® + 2H Y = ean. (14)
As 1, and &, are both functions of A, they can be expanded in power

series, viz.

*Johannes Stark, German physicist (1874—1957).
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Yo =Y+ AP+ A2+ (15)
and

En =0+ Ae, + A%l + .. (16)

It will be assumed here, with reasonable assurance, that these two series
converge. The substitution of Egs. (15) and (16) in Eq. (13) leads to the
relation

HOYO + A(A' Y2+ A%y + 22 (H'w!, + HOy!) + - -

=£ﬁ+u%ﬁ+$%%Hﬂdﬁ+¢%+£M%+”.1ﬂ
(

The coefficients of the various powers of A can now be collected to yield a
series of equations, namely,

A0 AOy0 = 0y 0 (18)
A (A -y =yt — A0 (19)
A H =y =yl v eyl — H'Y, (20)

It has been assumed above that Eq. (18) has been solved. In principle, the
resulting eigenvalues and eigenfunctions can then be substituted in Eq. (19) to
yield the first-order corrections, and so on, for higher orders of approximation.

12.2.2 First-order approximation

To resolve Eq. (19) an expansion of i, is made in terms of the zero-order
eigenfunctions. Thus,

V=D ad! 1)
¢

and

By, = H°Y ayf =) aelyy . (22)
¢ ¢
Equation (19) is then written as

D aue] — eyl = (e, — H)Y,) . (23)
4

The orthonormal properties of the functions 1//? can now be employed to obtain
the desired result. Equation (23) is multiplied by w,?* and integrated over all
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space. The left-hand side of Eq. (23) becomes

/ y > au(e) — eDyfdr = D aue] — &) / Y yldr =0.  (24)
¢

[/

The final result is obtained because if £ =n, &) —ed =0. Or, if £#

n, [ 1//,?* ¥ dr = 0, as the functions are orthogonal. After the same operations
the right-hand side of Eq. (23) is given by

/ v (e, — AHyldr = ¢ / w0 dr — / y* Ayddr (25

and, as the zero-order wavefunctions are normalized, Eq. (25) is simply
e, =/1//,?*f1/1/f,?dr. (26)

This result stated in words is that ¢, the first-order correction to energy of
the system in a given state n, is just the average value of the perturbation of
the Hamiltonian. Equation (26) can be written in the more compact notation
of Dirac as

& = (n || n). @7

It is often of interest to calculate the corresponding first-order correction to
the wavefunctions. The necessary expression can be obtained by returning to
Eq. (23). If this equation is now multiplied on each side by l/fjo* and the result

integrated over all space, the left side will vanish, as before, unless j = £ # n.
With the application of these conditions, the result is

aj(e] — &) =&, / WJQ* Yldr — f w;)*f]’l,lf,? dr. (28)

As j # n, the first term on the right-hand side of Eq. (28) is equal to zero
and the coefficients in Eq. (21) are given by

__wrarae Gl @
Y= g) — g0 00
J n J n

The first-order wavefunctions are then

Vo =¥y + ¥, =w0—fﬁ/———<jlﬁ/in>w-° (30)
n n n n SQ _ 60 J
j=0 i n

The prime on the summation in Eq. (30) indicates that the subscript j =n
is excluded. It should be noted that the first-order energy given by Eq. (27)
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depends only on the diagonal elements of the matrix of H'. However, the
first-order wavefunctions given by Eq. (30) are determined by its off-diagonal
elements.

12.2.3 Second-order approximation

Returning to Eq. (20), the coefficients of A% yield the relation

(H® = ey = (e, — H)Y, + £, 973 31)

Substitution of Egs. (27) and (30) obtained above with the use of first-order
perturbation theory and the expansion

U= by, 32)

as before, will allow Eq. (31) to be written as

> obitel — ey = =3 (el j)(f!’:”

— g0
; g/ — &,

+ iyl . (33)

") e ;MH/I ") o

j n

If this expression is multiplied by 1/1,?* and integrated (with the condition that
n # j), the result is

oo Z< dLA DL o,

& O ¢go

or

gl o i

0 0
& — &,

>. 35

J
12.2.4 The anharmonic oscillator

The interatomic potential function for the diatomic molecule was described
in Section 6.5. In the Taylor-series development of this function [Eq. (6-72)]
cubic and higher terms were neglected in the harmonic approximation. It is
now of interest to evaluate the importance of these so-called anharmonic terms
with the aid of the perturbation theory outlined above. If cubic and quartic
terms are added to Eq. (6-74), the potential function becomes

Vix) = /cx + ax® + bx* 36)
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where x = r — r,. Clearly, the constants a and b are proportional to the equi-
librium values of the third and fourth derivatives of the potential function,
respectively.

With the Hamiltonian for the harmonic oscillator,

HO = — — — 4 Lpy? 37)

the Schrodinger equation leads to the solutions in Hermite polynomials (see
Section 5.5.1). The zero-order wavefunctions are then

¥0 = N, H,(E)e ¥, (38)

where & = 2wx/vOm/h = Jax, & = h°(n + %) and N, is given by
Eq. (5-111). The anharmonicity will now be considered as a perturbation,
with A’ = ax3 + bx*. With the use of Eq. (27) the first-order correction to
the energy is equal to

(n]ﬂ’]n> = a{nlx3|n) + b{n|x*ln). (39)

The evaluation of the matrix elements in Eq. (39) proceeds as follows.

First of all, consider the parity of the integrands. In the first term on the
right-hand side of Eq. (39) both wavefunctions are either odd or even, thus
their product is always even, while x? is of course odd. The integral between
symmetric limits of the resulting odd function of x vanishes and this term
makes no contribution to the first-order perturbation. On the other hand the
second term is different from zero, as x* is an even function.

The matrix elements of x* can be evaluated with the use of the recursion
relation developed in Section 5.5.1 for the Hermite polynomials (See Appendix
IX). In the notation employed here Eq. (5-99) becomes

EH, (&) = 1 Hu1 (E) + nH,1(B). (40)
Multiplication of Eq. (40) by & yields
E2H, (&) = Y6 H, 1 (8) + nEH, 1 (8). (41)

Equation (40) is then applied twice, e.g. with n — n + 1 to give

EH,1(8) = 1H,12(8) + (n + DH(E), (42)

and similarly with n — n — 1, to yield

E2H, () = YH, 2E) + (n+ 1) HL (&) +n(n — DH,2(E).  (43)
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The square of Eq. (43) is given by

2
FHIE) = 5 H @ + (0 +3) HE) +nn = DPHL,E) + 0,
(44)
where (@ represents the cross terms which will vanish on integration due to
the orthogonality of the wavefunctions. The second term on the right-hand
side of Eq. (39) can be written in the form
b o
blnlx*n) = —Z:N,ff e FEHIE) dE. (45)
o

-0

With the substitution of Eq. (44) in the integrand, Eq. (45) becomes

1y2 20, _ 132
b(n|x4|n>=—b—3\f2[ L) ”} o

a?” " | 16N, N N,
3b
=5 [(n+3)" +14] S

(problem 7). Thus, the first-order correction to the energy as a result of anhar-
monicity is proportional to the coefficient » and is quadratic in the vibrational
quantum number n.

It was shown above that the cubic term in the potential function for the
anharmonic oscillator cannot, for reasons of symmetry, contribute to a first-
order perturbation. However, if the matrix elements of H' = ax? are eval-
nated, it is found that this term results in a second-order correction to the
energy. The appropriate matrix elements in Eq. (35) must then be evalu-
ated.

The only nonvanishing matrix elements of x> are those with j =n + 1
and j = n % 3. This result is obtained by repeated application of Eq. (40), as
before. Thus, there are four terms that the cubic potential constant contributes
to the second-order energy correction, Eq. (35). The final result can be written

as
154 11 1542 17
o = 1 <n2+n+ —) D [(n+ 1 4 ] (48)

"= 4a3h0 30) " 4adho® 60

(problem 8). This expression, plus the first-order correction given by Eq. (47),
indicates that the anharmonicity of the oscillator can be represented in this
approximation by a quadratic term in the vibrational quantum number. The
vibrational spectra of diatomic molecules are usually interpreted with the addi-

. . . . 2
tion of an anharmonic term that is proportional to (n + %) . It should be noted
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that the application of perturbation theory yields, in addition, a small correction
to the zero-point energy.

12.2.5 Degenerate systems

The first-order perturbation theory developed in Section 12.2.2 cannot be
employed if the energy level of the unperturbed system is degenerate. In
Eq. (12) it was assumed that the perturbed wavefunction v, differed but
slightly from a particular zero-order wavefunction, 1//,? . However, if the energy
level €° is a-fold degenerate, there are « linearly independent wavefunctions
that satisfy the wave equation for the unperturbed system. Each of these func-
tions is orthogonal to all wavefunctions corresponding to other energy levels.
However, they are not necessarily orthogonal to each other.

The simplest example is that of a doubly degenerate level, for which
A% =&dy? and HOYY, = edy?,. Clearly, any linear combination of
the two wavefunctions is also a solution, as

HoCiyd |+ c2ydy) = el(c1y | + c2vr,). (49)

In general, if oy is the degree of degeneracy, oy linear combinations of the
zero-order wavefunctions can be constructed,

43
Xei=Y v, i=123. . (50)
j=1

They are also correct wavefunctions for the zero-order problem. The coeffi-
cients can of course be chosen to normalize each result.

Consider a first-order perturbation. The Hamiltonian for the perturbed system
is again as given by H=H+ AR [Eq. (12)], but the Schrodinger equation
is of the form .

Hyn j = ex j¥uj - (51)

Thus, the effect of the perturbation may be to remove (all or partially) the
degeneracies of the unperturbed energy levels. As the perturbation diminishes
(A > 0), ¥ ; — x9; and & ; — .. Thus, for the perturbed system,

Yri = X0 + AU (52)

and
Eki=Ep + Ay, - (53)

The first-order approximation (equating coefficients of 1) yields the relation

O, + B = eQui, + ehixes - (54)
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Following the procedure of Section 12.2.2, the expansion

Vei= D ik Vi (55)
k.j

is made in terms of the zero-order wavefunctions. Note that the double summa-

tion has been employed in Eq. (55) to take into account all wavefunctions

associated with a given unperturbed energy level, as well as all energy levels.
Substitution of Eqgs. (52) and (53) in Eq. (51) leads to

Y aciw €l — DV =Y cijlel; — HYWY (56)
J

k.j

which, when multiplied by ¥, and integrated over all space becomes
1223
0= c; [e,’(,,. / Yexy)  dr — f VX H'Yy dr] (57)
=1
or
oy R
Zci»j[(n}H/‘j>_8llc,i (nlj)]=0, i=1,2,3,..., 0. (58)
=1

This result is a system of simultaneous linear, homogeneous equations for the
coefficients, ¢; j. Cramer’s rule states that a nontrivial solution exists only if
the determinant of the coefficients vanishes (see Section 7.8). Thus,

’(nlﬂ/’j>—8,'(vi mijl =0, =123 . (59)

The determinant in Eq. (59) is of course a secular determinant, a descrip-
tion that refers to its application to the temporal evolution of a mechanical
system, historically in astronomy. It will re-appear later in this chapter in the
development of the variation method.

The secular determinant as presented above involves the first-order pertur-
bations of the Hamiltonian and the energy. More generally, it is formulated in
terms of the Hamiltonian and the total energies of the perturbed system. From
Eqgs. (12) and (16),

(n181'17) = (mA°1) + (11 (60)

and
e (nlj) = ef (nlj) + & ; (nlj). (61)
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Their difference, when substituted in Eq. (58) leads to the secular determinant
in its more usual form, viz.

‘<n'1:11j>—€k‘,» (nlj)’:O, i=1,2.3,..., . (62)

12.2.6 The Stark effect of the hydrogen atom

Consider a hydrogen atom under the influence of an electric field, &. The
perturbation energy is given by H' = —p - &, where g is the instantaneous
dipole moment of the atom. For simplicity, assume that the electric field is
directed along the z axis. The perturbation in this case then given by

H =ez &, =ed.rcos b, (63)

where e is the electronic charge.
The ground state of the hydrogen atom is nondegenerate and the wave-
function is

1
V100 = ﬁRl.O’ (64)
with the radial part given by
Rig=2a,"%e/, (65)

The result of first-order perturbation theory, as given by Eq. (27), is applicable.
Clearly, the matrix element {1,0,0 g 1,0, 0) vanishes, as foﬂ cos @ sin6

df = 0. Thus, there is no first-order Stark effect for the hydrogen atom in
the ground state.

However, in the first excited state the degree of degeneracy is equal to
four. Hence, the first-order perturbation calculation requires the application
of Eq. (62). The wavefunctions for the first excited state can be written in
the form

R0

1
Y200 =
Jar

/3
Ya10=+/ —Rr cosb

4

3 1 .
Y = ,/HRz,lsin Qﬁe”ﬁ

/3 1 .
Y1 =— GRZJ sin Oﬁe‘”ﬂ, (66)
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where the radial parts are given by

_3/2
a r a
Ryp= -2 (2 - —) e 1%

2\/5 ap
ao—3/2 , »
Ry =2 —=—¢"% (67)
2l 26 ag

In Egs. (67) the quantity ag is the radius of the first Bohr orbit (see Section 6.6).

The matrix elements in Eq. (62) are of two types. The diagonal elements
involve integrals over 6, all of which vanish. Furthermore, of the off-diagonal
elements, only (2, 0,0 lﬁ’\ 2,1, O> = <2, 1,0 ’f]’\ 2,0, O> = —3ed&,ag are non-
zero, as all integrals involving ¢ vanish. The secular determinant then takes
the form

—&) —3ebap 0 O 0

—3edag —& 0 O 0| _
0 0 0 —& O =0 (68)
0 0 0 0 =—¢

and the energies of the perturbed levels are obtained as the roots of the
expression

ef (e — 9e*&2a) =0 (69)

0 f—

£ &
Pand
o0
3
=
89

&9 &)

0
&

Fig. 1 The Stark effect of the hydrogen atom.
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(problem 11). These results are represent in Fig. 1. Note that two of the levels
are not perturbed by the applied electric field and their degeneracy is not
removed. They correspond to atomic orbitals p, and p,, whose maxima lie
in the horizontal plane, that is, perpendicular to the direction of the applied
field (see Appendix III).

12.3 TIME-DEPENDENT PERTURBATIONS

12.3.1 The Schrodinger equation

To discuss the problem of the interaction of light with an atomic or molecular
system, it is essential to consider those perturbations which are functions of
time. It is such perturbations that provoke transitions from one stationary
state to another in a given system. Thus, specifically, it is the time-dependent
Schrodinger equation that must be considered. It can be written in the form

av(q1. 92,5 1)

HY(q, g2, -1 1) = ih ,
(91, 92 ) =i »

(70)

where the Hamiltonian is now a function of time, as well as all of the coor-
dinates of the system.

The separation of the time from the spatial variables can be carried out by
the method introduced in Section 6.1.2. Thus, it is sufficient to write

qj(Ql"D,,I)Z'I/(CII»‘IL)l?(t) (71)
to separate the time from the space variables. The result is given by
W(gr, g2, -5 1) = ¥ (g1, qa, - e (72)

In the problem of interest here, the Hamiltonian in Eq. (62) can be decom-
posed into a time-independent, unperturbed part H® and a much smaller,
time-dependent operator H'(¢). Then, the Hamiltonian becomes to first order

H® + H'(1). (73)

The stationary states of the system are described by the eigenfunctions ¥, and
the eigenvalues &, of the unperturbed Hamiltonian.

The eigenfunctions ¥, form a complete set; thus, the wavefunction
V(g1, g2, ---; t) can be expanded in terms of the wavefunctions v, with the
use of the time-dependent coefficients b, (z). The resulting expression is then

W(gr, g i) = ) be(t)ge (74)
k
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which can be substituted into the time-dependent Schrodinger equation to yield

OB e = thb"(t) el (75)

Multiplication by ¥X* and integration over the spatial coordinates results in
the set of differential equations for the coefficients,
db,, (t)
dt

_ _fi'l S b fm A0 k) e tsenrn (76)
k

It should be noted that in the general case each term in the summation contains
three time-dependent factors. Thus, to reduce the complexity of the presenta-
tion, only a very simple example will be considered here.

Suppose that at a time ¢ = 0, the stationary state of the system is known.
That is to say that both its energy ¢, and the corresponding (nondegenerate)
wavefunction ¥, have been determined. Therefore, for ¢ < 0, all of the coeffi-
cients in Eq. (76) are equal to zero, except of course, b, = 1, which identifies
the initial state of the system. It is often the ground state, although not neces-
sarily. A perturbation is then applied at r = 0. It is then assumed that it is
sufficiently weak so that the coefficient b, does not vary significantly from
its initial value of unity over the relatively short duration of the perturbation.
With these conditions Eq. (76) can be reduced to

dbM(t) _ _i y/ —(&y—Em)t/h
—r h(mlH(t)in>e . a7
Normally, the energy difference between the initial and final states, as given
in Eq. (77), is equated to wymh, where v,,, = wnm /27 is the frequency of the
transition from the initial state k = s to the final state m.

12.3.2 Interaction of light and matter

The problem of particular interest in physics and chemistry is concerned with
the interaction of electromagnetic radiation, and light in particular, with matter.
The electric field of the radiation can directly perturb an atomic or molecular
system. Then, as in the Stark effect, the energy of interaction — the perturba-
tion — is given by

~

H =-p &, (78
where p is the dipole moment of the system. For simplicity it will be assumed
that the light incident on the system is polarized in a particular direction, say
x. Then, Eq. (78) becomes simply

A

H = —pu, & . 9)
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If the incident radiation is monochromatic with a frequency v = w/2m, as in
a laser beam, its electric field can be represented by

&y = & cos wt, (80)

where é’g is the amplitude of the incident radiation. The corresponding compo-
nent (x) of the dipole moment of the system can be written in the form

we=) e, 81)

where e; is the charge on each particle, and x; is its position in the x direction.
Then the perturbation is given by

ﬁ/ = —,uvx(”)x = —(”)x Zeixi (82)

and the matrix elements in Eq. (77) are

(mjﬁ'(t)] >——<') costhe, (m il n) = =& cos wt (m |, n). (83)

The time dependence is in this case due to the oscillation of the imposed
electric field as given by Eq. (80), as well as the displacement of the charged
particles, electrons and nuclei within the atomic or molecular system.

The expression for the matrix elements given by Eq. (83) is substituted in
Eq. (77). The result is

db, (t)

o (ﬂ cos wt {m | | n) e et (84)

The exponential form of cos wt, as given in Eq. (1-36), is then substituted to

obtain db (1)
t . .
SOm\t) (,() . —~i{@Wpm —w)t — i (Wym )t 85
—a —2h {m x| n) [e +e ] (85)

which can be easily integrated if the matrix element {(m |1, | n) does not change
significantly during the short time of the perturbation. Then, with the initial
condition that b,, = 0 at r = 0, integration yields the time-dependent coeffi-
cient

b, (t) =
2 2h Wy — Wy + @

——())0 mlucln —i{Wpm —)t _ 1 e—i(w,,m—a))t -1
L (mlpxln) | e N ’ 36)

As the frequency of the incident electromagnetic radiation approaches that of
the transition n — m, the first term in the brackets of Eq. (86) dominates; it
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becomes very large at resonance.* Thus, the second term in Eq. (79) can be
neglected in the spectral region of interest, and the resulting expression for
the probability of a transition to the state m can be written as (see problems
14 and 15)

2
E m (| n) 2 12 {
bnbt =

(87

4h2 [(wnm - {1))[/2]2

i [(Wnm — @)1/2] }
The expression in brackets in Eq. (87) is of the form (sin x/x)?, where x =
(wpm — w)t/2. Thus, for a given time ¢ for the duration of the perturbation, the
spectrum, e.g. the transition probability as a function of the angular frequency
o is as shown in Fig. 2. The width at half-maximum of this spectral feature
is represented by A for a given value of the time, 7. If, for example, the
perturbation time is increased by a factor of four, the width of the spectral
distribution is reduced by the same factor, as shown by the solid line in Fig. 2.
Equation (87) expresses the probability that the system, initially in the state
k = n, will be in the state m after a sinusoidal perturbation over a relatively
short period of time ¢.

Now to calculate the transition probability in the case in which all frequen-
cies v = w/2x are incident on the molecule, Eq. (87) must be integrated over
the frequency range. As the significant frequency variation is due to the factor

Fig. 2 The function (sin x/x)? = sinc’x, where x = (@, — w)t/2 and 1 is the dura-
tion of the perturbation. The width of the frequency distribution is equal to A, which
is proportional to 1/¢.

*Note, however, that it does not become infinite, as lim,_o[(e'® — 1)/a] = it.
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in brackets, its integration leads to the approximate expression

2
) T (’))2 )
|6m| =—2hz—|(m e} 2. (88)

The quantity |b,,|? represents the probability of the transition m <« n. Clearly,
the number of transitions per unit time depends on the intensity of the incident
radiation, which is proportional to l(’)’fr)]z, and the square of the matrix element
(m|py|n). The latter determines the selection rules for spectroscopic transitions
(see the following section).

The result obtained as Eq. (88) can be generalized for the case of isotropic

radiation. The light intensity is then proportional to
&2 = 1317 + 1507 + 1621 (89)

which is in turn proportional to the radiation density, p. The square of the
matrix elements of the dipole-moment vector are given by

| (mlpln) P = | imlpeln) 12+ [{mlpyln) 1 + | (mlueln) 1%, (90)

which depends on the molecular orientation. It determines the value of the
Einstein coefficient for absorption, which is given by

2T

= m| (m|pin) |2~ 91
0

Bm N

The quantity (m|p|n) is known as the transition (dipole} moment.

In the above rather simplified analysis of the interaction of light and matter,
it was assumed that the process involved was the absorption of light due to a
transition m < n. However, the same result is obtained for the case of light
emission stimulated by the electromagnetic radiation, which is the result of a
transition m — n. Then the Einstein coefficients for absorption and stimulated
emission are identical, viz. Bj—p = Bu—n-

An important process has not been included in the analysis. It is the possi-
bility of spontaneous emission. Were it not for such a process, in the absence of
electromagnetic radiation a molecule in the excited state m would be forced
to remain there forever. Thus, in Einstein’s analysis of this problem three
competing processes were considered to be in equilibrium, leading to the
expression

Bi«nNup = BusnNup + Am—snNm - 92)

The left-hand side of Eq. (92) represents the number of transitions per unit
time due to absorption of light. The first term on the right-hand side of Eq. (92)
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is due to stimulated emission, while the second term, which remains in the
absence of electromagnetic radiation, takes into account the possibility of
spontaneous emission. As an equation, this relation expresses the balance
between these processes. Furthermore, at equilibrium the relative populations
of the upper and lower states is determined by the Boltzmann distribution
law,

N
R = e/ kT 93)
N

(see Chapter 10). Substitution of Eq. (93) into Eq. (92) yields the relations
between the Einstein coefficients

2ho? 2ha?
Aposn = —wz'Bm—m = _'w_zBmen . (94)
e e
It is important to note that all three coefficients depend on the matrix elements
of the dipole moment, as expressed by Eq. (90).

12.3.3 Spectroscopic selection rules

General selection rules that govern spectroscopic transitions are derived from
the symmetry properties of the dipole moment and the wavefunctions involved.
The transition moments can be expressed in general by

(m|p;ln) = f WYX 1Y dr, (95)

where j = x, y, z identifies space-fixed Cartesian coordinates and ¥, and
Y, are the wavefunctions for the states involved in the transition. If any
such integral is nonzero, from Eq. (90) it is evident that these transitions are
possible. The so-called selection rules are just the answer to the question: Is
the transition moment (m|u|n) equal to zero? If so, transitions between the
states m and n are forbidden.

The determination of general selection rules can be made by consider-
ation of the symmetry of the integrand in Eq. (95). For example, it was
shown in Section 3.4.5 that the integral over an odd function vanishes. The
corresponding group-theoretical expression of this principle was outlined in
Section 8.10. The integrand in Eq. (95) is the product of three functions. Thus,
if each is characterized by a representation, the direct product provides the
needed information concerning the symmetry of the resulting function. In the
simplest case each factor may belong to a particular irreducible representation.
Then, the resulting direct product can be expressed as

ryYery ery” =3 n®r®. (96)
14
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The right-hand side of Eq. (96) is of course the weighted direct sum of the
irreducible representations. By convention the totally symmetric irreducible
representation corresponds to £ = 1. Thus, if n() = 0, the integral in Eq. (95)
vanishes. The transitions m — nandm < n are then forbidden by the symmetry
selection rules. This principle can be illustrated by the following example.
Consider a molecular system of symmetry G’,, whose character table is
given in Table 8-11. The irreducible representations for the components of the
dipole moment can be easily established, or even read directly from the table.

Thus FJM can be identified as A, B; or B, for j =z, x or y, respectively.

Then, if the direct product '’ @ " contains any of these three irreducible
representations, the transitions m — n and m < n are allowed. Furthermore,
the polarization of optical transitions can be specified, as each F;y) corresponds
to a specific polarization direction.

The selection rules illustrated above are general, as they depend only on
the symmetry properties of the functions involved. However, more limiting,
selection rules depend on the form of the wavefunctions involved. A relatively
simple example of the development of specific selection rules is provided by
the harmonic oscillator. The solution of this problem in quantum mechanics,
as treated in Section 5.4.4, leads to the wavefunctions given by Eq. (5-103)
and the energy levels defined by Eq. (5-92). These results were employed in
Section 5.4.4 to describe in a first approximation the vibration of a diatomic
molecule. As before, the possibility of transitions between the various energy
levels of the system is determined by the matrix elements of the dipole
moment.

If r is the internuclear distance in a diatomic molecule and x = r — r,, the
dipole moment can be developed in a series in the form

du
N—No+<dx>0x+.... 97
The first term on the right-hand side of Eq. (97) is the permanent dipole
moment. The second term expresses the change in dipole moment with inter-
nuclear distance. Often, higher terms are neglected. The derivative (du/dx)o
can then be interpreted as an effective charge carried by the vibrating nuclei.
The change in internuclear distance is related to the independent variable
employed in Section 5.5.1 by § = 27 x./v%m/h, where m is now the reduced
mass of the diatomic molecule and v* = /k/m/2x is the classical frequency
of vibration.
The transition moment of interest for process v’ — v, is then

d d
(v'uv) = <v’ o + <£)Ox v> = po(v'[v) + (aﬂ)O(v'lxlv). (98)




12. APPROXIMATION METHODS IN QUANTUM MECHANICS 307

For a polar molecule (119 # 0) the first term on the far right is nonzero only
if the initial and final vibrational states are the same, viz. v = v’. This case
applies to the pure rotational spectra of gaseous molecules, as observed in
the microwave region. The second term in Eq. (98) applies to vibrational
transitions. The matrix elements of interest are (v'|x|v), which are given by

(v'lx|v) = a_1/2<vl|§|v)
+o00 5 2
_ a—1/2_']vv,_’]\[v/ (€523, (£))E( ™ PH(E)) de. (99)

To determine the selection rules in this case it is sufficient to recall the relations
developed in Section 5.5.1 between the Hermite polynomials. Specifically,
Eq. (5-99) can be rewritten in the form

EH, (&) = T H 11 (E) + vH, 1 (). (100)

With its substitution in Eq. (99) it becomes evident from the orthogonality of
the Hermite polynomials, that all matrix elements are equal to zero, with the
exception of v/ = v — 1 and v’ = v + 1. Thus, the selection rule for vibrational
transitions (in the harmonic approximation) is Av = 1. It is not neces-
sary to evaluate the matrix elements unless there is an interest in calcu-
lating the intensities of spectral features resulting from vibrational transitions
(see problem 18). It should be evident that transitions such as Av = £3 are
forbidden under this more restrictive selection rule, although they are permitted
under the symmetry selection rule developed in the previous paragraphs.

As a second example of the determination of selection rules from the prop-
erties of special functions, consider the hydrogen atom. At any given instant
the dipole moment is p = er, where r describes the position of the electron
with respect to the proton and e is the electronic charge. The wavefunctions
for the hydrogen atom are given by

Yntom = Ry t(r)®ypp(cos 0)e™?, (101

where the angular-dependent factor is given by Eq. (6-69). If the incident
light is polarized in, say, the z direction, the matrix elements of interest are
of the form

(', € m" \uyln, £,m)=e(n'. €', m'|rcos|n, €, m)
=e(n', € |r|n, &){¢,m |cos 6] £, m){m'|m).(102)

The factor that depends on the radial wavefunctions is in general nonzero. The
factor in ¢ contributes to the integral

1

27
(m'im) = 5/0 e MM 49 = St (103)



308 MATHEMATICS FOR CHEMISTRY AND PHYSICS

which imposes the condition Am = 0, or the integral vanishes. The §-dependent
part of Eq. (102) can be evaluated from the recursion relations for the associated
Legendre polynomials. For this example Eq. (5-122) can be written as

(€ +m))

cos O P (cos 6) = mpe"j'l(cos 0) +

€ —Iml+1)

|
ZTERY P, (cos 8),

(104)
which leads directly to the selection rule A¢ = £ 1.

For light polarized in the x or y directions, the procedure followed in
the preceding paragraph can be employed with p, = ex = er sin 6 cos ¢ and
iy = ey = er sin 8 sin . Then, it is apparent that Am = +1 and with the aid
of Eqgs. (5-123) and (5-124) the selection rule A¢{ = +£1 can be easily estab-
lished (see problem 19). In conclusion the selection rules for the absorption
of unpolarized light are Am =0, =1 and Af = £1.

12.4 THE VARIATION METHOD

A different approach to obtaining approximation solutions to quantum mech-
anical problems is provided by the variation method. It is particularly useful
when there is no closely related problem that yields exact solutions. The
perturbation method is not applicable in such a case.

The variation method is usvally employed to determine an approximate
value of the lowest energy state (the ground state) of a given atomic or molec-
ular system. It can, furthermore, be extended to the calculation of energy levels
of excited states. It forms the basis of molecular orbital theory and that which
is often referred to (incorrectly) as “theoretical chemistry”.

12.4.1 The variation theorem

Given an. acceptable, normalized function ¢, if the lowest eigenvalue of the
Hamiltonian H is &, then

W= /¢*1f1¢ dr > e, (105)

which is the variation theorem. This relation may be a bit surprising, as the
function ¢ can be any normalized function of the coordinates of the system that
satisfies the conditions for an acceptable wavefunction. Although the function
¢ is arbitrary, the more wisely it is chosen the more closely will W approach
£o, the true energy of the ground state of the system. Thus, if ¢ were chosen
to be the correct ground-state wavefunction, ¥, Eq. (105) would yield the
energy of the ground state.
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As a simple proof of the variational theorem, consider the case in which
¢ # Y. The variational function can be expanded in terms of the complete
set of normalized, orthogonal functions ,,. Thus,

$=2 ann (106)

with
S aka, = 1. (107)

Substitution of this expansion in the integral for W [Eq. (103)] leads to the

equation
W=>"Y akay / VXA dr = aXaue, . (108)
n n n

as the functions ¥, satisfy the equation

HYy = e, - (109)

The energy of the ground state, gy is then subtracted from each side of
Eq. (108) to yield
W —gg=_ aXay(e, — £0), (110)

n

where Eq. (107) has been employed.

As g, is greater than gy for all values of n, and the coefficients a,‘," a, are
of course positive or zero, the right-hand side of Eq. (108) is positive or zero.
It has thus been shown that W is always an upper limit to &g, the true energy
of the ground state of the system; thus,

W > g. (111)

Equation (111) is a statement of the variational theorem.

If several variation functions, ¢, ¢, @3, . .. are chosen and the corresponding
values of the variational energy, W;, W, W3, . .. are calculated from Eq. (103),
each of these values of W will be greater than the true energy of the ground
state, €y. Thus, the lowest one is nearest £y5. In many cases it is convenient to
employ a variational function that contains one or more parameters. Then the
resulting expression for W can be minimized with respect to the parameters.

12.4.2 An example: The particle in a box

The one-dimensional problem of the particle in a box was treated in Section 5.4.1.
Exact solutions were obtained, which were then restricted by the boundary condi-
tions ¥ (0) = ¢ (£) = 0. If the exact solutions were not known, the problem



310 MATHEMATICS FOR CHEMISTRY AND PHYSICS

might be attacked with the use of a simple variation function which satisfies the
boundary conditions. As an example, take

d=Nx(t—x), (112)

which vanishes at each side of the box. The normalization constant can be
evaluated from the relation

4 ¢
[ > dp = NZ/ X2 — x)rdx = N6 /30, (113)
0 0

which leads to N = /30/¢5 (problem 21).
In the interior of the box V(x) = 0 and the Hamiltonian is simply

. n? &
H=———: 114
2m dx? (114)
then, Eq. (105) becomes
h? 30 [* d? 5h?
W=— — £—x)—[xl—-x)]dx = —. 115
82m €5 [0 X =2 gae—0l an2me? (11

The true energy of the ground state was found in Section 5.4.1 to be equal to
g1 = h/8me?. Its comparison with Eq. (108) is

10 [ k2 R
W h_ 116
2 <8m132) 7 8mez = ! (116)

and the error is in this case approximately 2%.

Although the variational theorem was expressed in Eq. (111) with respect
to the ground state of the system, it is possible to apply it to higher, so-
called excited, states. As an example, consider again the particle in a box. In
Section 5.4.2 a change in coordinate was made in order to apply symmetry
considerations. Thus, the potential function was written as

0, —%Z<x<%€

Vix) = { (117)

— _1p 1
00, x = 2@,26

It is an even function of x and the solutions can be classified as even or odd
(Gerade or Ungerade), as given in Egs. (5-72) and (5-73). It should be noted
that the ground state in this case is symmetric. It is then of interest to choose
a variation function that is antisymmetric (1) to determine the energy of the
first excited state n = 2, which is antisymmetric. As an example, consider the
variational function

¢ = Nx(€/2+x)(£/2 — x) = Nx [(£2/4) — x*], (118)
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which is Ungerade. The normalization leads to the factor N = /840/¢7 (see
problem 21). The variational energy is then given by

42 [/ h? h?
=P<8me2> >4<8me2)’ (119)

where on the right-hand side the factor 4 = n? specifies the first excited
state, n = 2.

12.4.3 Linear variation functions

It is often convenient to employ a variation function that it is a linear combi-
nation of suitably chosen functions y,; thus,

=2 Cnln (120)

It should be noted that the functions x, need not necessarily form an
orthonormal set. The linearly independent coefficients ¢, can be considered to
be variable parameters that are determined by minimization of the variational
energy, W. If the functions ¥, are not orthonormal, Eq. (105) can be rewritten
in the form

o
[e*Hodw (121)

V=rexgar ©

The variational energy is then given by

Yy reXe, (n’ )ﬁ‘ n>
R P "

where (n'|H|n) = [ x* Hx, dr and (W)= [ xXxn d‘L’ The partial deriva-
tive of Eq. (122) with respect to a particular coefficient Ck leads to the relation

aw . 2 ) 9 m m /
ﬁzzczcn(n |n)+Wﬁ (;Zﬂ:c:ﬁcn(n [n))

- 8% (iic;cn (' n)) . (123)

n

A
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If the coefficients are independent, the condition d W/ Bc,’(" = 0 can be imposed
for each value of the index & from 1 to m.* Then,

Wi:c,, (kin) = ic,, (kiftin), (124)

n

or,

e, ([ |1 n) = w kiny) = 0. (125)

n

Equation (125) applies for all values of the index k =1,2,...,m. It is a set
of m simultaneous, homogeneous, linear equations for the unknown values of
the coefficients c,. Following Cramer’s rule (Section 7.8), a nontrivial solution
exists only if the determinant of the coefficients vanishes. Thus, the secular
determinant takes the form

]<k|1?|n>— W (k|n) | = 0. (126)

In the case in which the functions yx, are orthonormal, (k|n) = 8, and
the variational energies W are just the eigenvalues of the matrix (k|I:I [n).
According to the variational theorem, the lowest root of Eq. (124) is the upper
limit to the true energy of the ground state of the system, &.

12.4.4 Linear combinations of atomic orbitals (LCAO)

It is often convenient to use atomic orbitals as the basis for molecular-orbital
calculations. Thus, in Eq. (120) the atomic orbitals yx, can serve as the basis,
and a given molecular system can be described as a linear combination of
such functions. Clearly, the simplest molecule is diatomic and the appropriate
molecular orbitals can be formed as linear combinations, viz.

¢ = caXa + CoXbs (127)

where the functions x, and x; are the atomic orbitals associated with the
atoms a and b, respectively. The coefficients in this linear combination can
be determined by application of the variational principle, as iltustrated in
the following derivation. This method, which is of general application to
polyatomic molecules, is referred to in the scientific literature as the method
LCAO.

*Note that the equivalent condition dW /3¢, = 0 yields a set of equations which is simply the
complex conjugate of Eq. (122).
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A given application of the LCAO method is characterized by a set of inte-
grals. For a diatomic molecule they are

Haa = (1o || ), (128)
Hy, = (Xb lﬁ. Xb)’ (129)
Hay = (xa | B 1) = (0| A xa) (130)
and
§ = (Xalxe) - (131)

The last is known as the overlap integral, as it is determined by the volume
common to the atomic orbitals a and b at a given internuclear distance. In
general, S < 1, an integral that is often set equal to zero in approximate
calculations.

The use of a linear variation function was summarized in the previous
section. For the example of a diatomic molecule the set of simultaneous
equations [Eq. (125)] becomes

Cca(Hgg — W)+ cp(Hyp — SW) =0 (132)

and
ca(Hup — SW) + cp(Hppy — W) = 0. (133)

The expansion of the corresponding secular determinant leads to the relation
(Haa = W)(Hpp — W) — (Hap — SW)? =0, (134)

which is quadratic in W. To evaluate the coefficients ¢, and ¢, the two values
of W are substituted successively in either Eq. (132) or Eq. (133), as described
in the classical example of Section 7.11. However, as these equations are
homogeneous, only the ratio of the coefficients can be determined. The supple-
mentary condition necessary to resolve this ratio is provided by normalization
of the functions ¢. The atomic orbitals are assumed to be normalized, or can
be made so. Thus, normalization of the molecular orbital in this case can be
expressed by

(1) = c2 + 2 +2cq0pS = 1. (135)

This example of the LCAO method, as applied to diatomic molecules, is
perfectly general. However, it is simpler for homonuclear diatomics, for which
H,, = Hpp. Then, Eq. (134) becomes

(Haa — W) — (Hp, — SW)? =0, (136)
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whose roots are
_ Haa + Hab

= 137
+ L5 (137)

Thus, two values can be evaluated, W, and W_, according to the signs in
Eq. (137). If the appropriate integrals are known, these quantities can be calcu-
lated for a given interatomic distance in the diatomic molecule. As indicated
above the successive substitution of the two values W, and W_ yields

ca Fcp = 0. (138)

With the application of the normalization condition given by Eq. (135), the
coefficients in Eq. (138) are found as

1

S S 139
Y TAPa (3%
and
1
S S 140
e Y TT Ry (140)

respectively, depending on whether the upper or lower sign is employed in
the preceding equations. The variational wavefunctions are then of the form

1
=-=— 141
¢+ 2(1 T S) (Xa + Xh) ( )
and
¢ = ! (142)

ﬁ(){a — Xb)s

with the corresponding energies given by Eq. (137).

The simplest diatomic species is the molecular ion Hj . Its electronic kinetic
energy is given by a single term, as that of the protons can be neglected (see
Section 12.1). The interaction of the electron with each proton is expressed
by Coulomb’s law, as is the proton—proton repulsion. With the use of the
resulting Hamiltonian the integrals defined by Eqgs. (128)—(130) can be evalu-
ated exactly, with the functions x, and y; the 1s orbitals of atomic hydrogen
(see Section 6.6). The resulting energies calculated with the use of Eq. (137)
are represented in Fig. 3, as it is the lowest energy level of Hj that is of
interest. Clearly, the curve of W, exhibits a minimum and, if the corresponding
state ¢ is “occupied” by the electron, a stable species can exist. This orbital
is then referred to as a bonding orbital. On the other hand the curve of W_ vs.
internuclear distance has no minimum, so its occupation by the electron cannot
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Fig.3 Variational energy of HJ as a function of internuclear distance.
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Fig. 4 The wavefunctions ¢ (c,1s) and ¢_(cX1s) for HZ. Note that the wavefunc-
tion ¢_ has opposite signs on either side of the dotted line.

result in bonding of the two protons. Thus, the orbital ¢_ is an antibonding
orbital and, if occupied by the electron, the ion is in a so-called excited state.

It should be noted (Fig. 4) that if the bonding orbital, designated o, 1s,
is occupied, the probability of finding the electron in the region between the
nuclei is relatively important. On the other hand, for the antibonding orbital
(oX 1s) there is a nodal plane that passes through the center of symmetry of the
ion. It is perpendicular to the internuclear axis. Thus, it can be concluded that
it is the electronic probability density that is responsible for bonding. Although
this conclusion is correct and can be generalized, the wavefunctions obtained
by the LCAO method are usually far from the true functions. Furthermore,
although the lower energy level as calculated by the method is an upper limit
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to the true energy of the ground state, the variation theorem in its simplest
form says nothing about the value of the upper energy level.

The limitation of the above analysis to the case of homonuclear diatomic
molecules was made by imposing the relation H,, = Hpp, as in this case the
two nuclei are identical. More generally, H,, # Hp, and for heteronuclear
diatomic molecules Eq. (134) cannot be simplified (see problem 25). However,
the polarity of the bond can be estimated in this case. The reader is referred
to specialized texts on molecular orbital theory for a development of this
application.

12.4.5 The Hiickel approximation*

One of the most popular of the semi-empirical LCAO methods is that of
Hiickel. It is applicable to planar molecules which have m-electron systems.
The “delocalization” of these systems, as treated by this method, has particular
chemical significance. The traditional application is to the benzene molecule.
Historically, different “structures” of this molecule were suggested by Kékulé'
and by Dewar* that are described in virtually all textbooks of organic chem-
istry. These structures represented the first efforts to represent the delocaliza-
tion of the & orbitals in such systems. In the present context the delocalization
can be better specified with the use of the method of Hiickel.

Consider first the ethylene molecule. Its geometrical structure is shown in
Fig. 5. The s, p, and p, atomic orbitals of the carbon atoms are assumed to
be hybridized. This sp? hybridization implies H-C—H bond angles of 120°,
approximately in agreement with experimental results. The remaining two p,
orbitals are thus available to contribute to a w-electron system in the molecule.
Here again, the two linear combinations of atomic orbitals yield bonding and

o~

Fig.5 The ethylene molecule showing only the single (o) bonds.

*Erich Hiickel, German chemist (1896-1980).
*August Kékulé von Stradonitz, German chemist (1829~1896).
#8ir James Dewar, British chemist and physicist (1842—1923).
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antibonding possibilities. The LCAO method presented in the previous section
can be employed to obtain a semiquantitative description of the electronic
structure.

For a homonuclear diatomic system in the Hiickel approximation the inte-
grals given by Egs. (128)-(131) take the simple forms H,, = Hpp, =, Hyp, =
H,, = B and S = 0. The atomic orbitals involved, x, and x,, are of course
the p, orbitals of carbon atoms a and b, respectively. The resulting secular
determinant is then simply

a—W B _
8 oW ' =0, (143)
which can be written as
x _o (144)
1 x

with x = (¢ — W)/B. As the roots of Eq. (144) are x = 1, the energy levels
are determined by W = X(o — 8), as shown in Fig. 6. The corresponding
approximate molecular orbitals are also indicated, with the normalizing factor
1/+/2. The coefficients were evaluated as illustrated in the previous section
[Egs. (139) and (140)]. Here again, the occupied lower level will result in
an increased electronic density in the region between the nuclei, although the
upper level, if occupied, will not.

As the ethylene molecule contains a total of 16 electrons, there are but two
that are available to occupy the 7 system. Two pairs of electrons are assumed
to fill the two 1s atomic orbitals of the carbon atoms. Five pairs of electrons
contribute to the o orbitals that represent single bonds in Fig. 5. Thus, the two

v
T[‘k
a— B < ‘%(Xa“Xh)
o+ Unuﬂ \/% (Xat Xp)

Fig. 6 The 7 energy levels of ethylene. The asterisk identifies the antibonding orbital,
while the two arrows represent the two electrons with antiparallel spins corresponding
to the configuration of the ground state (see text).
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remaining can occupy the molecular orbitals established by the LCAO method,
as outlined above. For the ground state of the molecule these two electrons,
with antiparalle] spins following the Pauli principle, occupy the lower energy
level, as shown in Fig. 6. Excited states can be described by promoting one
or both electrons to the higher energy level.

The ethylene molecule in its equilibrium configuration is of symmetry &o.
Its symmetry can then be used to simplify the development of the appro-
priate molecular orbitals. Thus, the characters of the reducible representation
of the 7 orbitals can be determined, as given in Table 1. With the application
of the magic formula (see Section 8.9) it is easy to establish the reduction
of the representation for the two 7 orbitals, namely, I'y = By; @ B3,. The
appropriate linear combination of atomic orbitals can then be found with the
use of the projection operator technique. However, as only two 7 orbitals are
involved, it is sufficient to consider a subgroup of &)y, that is of order two
and that includes an operation that exchanges the labels (a,b) on the atomic
orbitals. The group /", = G; is appropriate, as it preserves the g—u property
of the molecular orbitals. The characters for this group, as given in Appendix
VIII, are in this case just the coefficients of the atomic wavefunctions, x,
and yp. The notation for the irreducible representations shown in Fig. 6 is
identified in Table 2.

In conjugated systems the 7 orbitals become delocalized. The classical
example is the butadiene molecule, that is usually described by the formula
CH; =CH-CH=CH,. This representation of the molecule does not take into
consideration the delocalization of the m-electron system formed by the four

Table 1 Symmetry operations of the group ¢, and the characters of I',.

Do E Co(2) Ca(y) Ca(x) i o(xy) o(xz) o(yz)
Xr 2 -2 0 0 0 0 2 -2

Table 2 The character
table for the group
c]’z = ()),' and the
characters of I',.

(])2 = ()),' E i
Ag=7] 1 1
A, =7, 1 —1

Xz 2 0
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available p orbitals of the carbon atoms. To treat this problem with the use
of the method of Hiickel, it is sufficient to write the secular determinant as a
function of the integrals o and f and to introduce the approximations indicated
above. In addition to the often poor approximation § = 0, it is customary to
assume that there is no interaction between nonadjacent atomic orbitals. Thus,
the integrals of the type H,, are set equal to zero if the atoms a and b are not
adjacent. The butadiene molecule provides a good example of this method.
Butadiene exists in two equilibrium structural isomers. They are represented
in Fig. 7. However, with the usual Hiickel approximation these two structures
cannot be distinguished, as interactions between nonadjacent atoms have been
neglected. Thus for either isomer, or even a hypothetical structure in which
the carbon skeleton is linear, the secular determinant is the same, namely,

0 0

1
’1‘ =0, (145)
0

OO = x

1 0
x 1
1 x
where x = (¢ — W)/8, as before. The roots of this equation can be found by
direct expansion of the determinant (see problem 26). However, the application
of group theory allows the determinant to be factored, a technique that is often
useful in more complicated problems.

Consider the trans isomer of butadiene. Both the symmetry operations that
define the group G, and the characters of the representation I'y, are given
in Table 3. The reduction of this representation leads to [y = 2B; @ 2A,.
Thus, two linear combinations of the atomic orbitals can be constructed of
symmetry B, and two others of symmetry A,. Their use will factor the secular
determinant into two 2 x 2 blocks, as described in the following paragraph.

As indicated above, the conventional structure of frans butadiene does
not include the delocalization of the m-electron system. This effect can be
analyzed, at least approximately, by application of the Hiickel method. As
in the example of ethylene, each carbon atom has an available p orbital-the

\ / \ /
Cc,—C ¢, — C
/l 2\ / 1 2\
Cy,—C C; —
VAR /e
—C,
AN

(a) (b)

Fig. 7 The equilibrium structures of butadiene: trans (a) and cis (b). Only the ¢
bonds are shown.
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Table 3 The symmetry operations
of the group G’», and the characters

of [,.
6)2}1 E C 2 i Oh
X 4 0 0 -4

p, orbitals in this case. With the use of the projection operator, the linear
combinations of the four atomic orbitals can be constructed, viz.

1
—=(X1 — X4)
B, Jf (146)
ﬁ(m - X3)
and 1
—={(x1 + xa)
Ay \/f (147)
ﬁ()& + x3)

where the atomic numbering is as shown in Fig. 7. The two diagonal blocks
of the factored secular determinant are then of the form

x 1
By:|] x—1!_0 (148)
and
X 1
A x+1’*0' (149)

The roots of Egs. (148) and (149) are given by x = (1 + V5)/2 and x =
(—1 =% +/5)/2, respectively.* The results of the above analysis are summarized
in Fig. 8.

The benzene molecule in its equilibrium configuration is planar. Its symmetry
is described by the point group Ye;, as shown in Fig. 8-1(c). The delocalized
7 system is represented there by dotted lines. The six p, orbitals contribute to
the 7 system, as simply described by the Hiickel approximation. The reduc-
tion Ty = By @ Ei; & Ay, @ Eyy, can be found as in the previous examples.
However, to construct the appropriate linear combinations of the 7 orbitals, it is
sufficient to choose a subgroup of U, whose symmetry operations permute all

*The quantity (1 ++/5)/2 = 1.62 is known as the golden ratio. It appears often in works
of art, as for example to determine the approximate ratio of the height to width of a classic
painting — and this page.
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Wi

0.372(x1 = x4) = 0.6020x2 = x3)

Q= 0.618 f —| m—p o 0.602(x, + xg) — 0.372062+ X3)

a+0.618 87 L B 0.602(x, — x4) + 0.372(x2— x3)

a+1618 8 JIL A

Fig. 8 The energy levels and wavefunctions for the m-orbitals of trans butadiene.
The arrows define the electron configuration of the ground state.

0.372(x, + x4) + 0.602(x, + x3)

six of the p, atomic orbitals. For example, the choice of the group 6’ leads to the

equivalent reduction ', = A & B ® E| @ E,. The character table for this group

(see Appendix VII) contains complex elements of the type & = exp(2mi/6).

The application of the projection operator will then yield linear combinations

such as i

E :le+5X2_8*X3—X4_€X5+8*X6' (150)
X1+ e¥x2—exs— xa—e¥xs+exe

As £ + ¢* = 1 in this case, the equivalent linear combinations that involve
only real coefficients can be found by adding and subtracting the two functions
given in Eq. (150). For the 7 system of benzene the normalized linear combi-
nations of p, can then be determined, as given in Fig. 9. It is easily verified
that these linear combinations are orthonormal. Furthermore, they result in the
desired factoring of the secular determinant. The construction of the energy
level diagram is then relatively straightforward (problem 29).

The use of group theory to factor the secular determinant is of increasing
importance as the molecule becomes larger, providing of course that it main-
tains a relatively high symmetry. With the use of available computer programs
the advantages of this approach may seem to be of less interest. However,
it should be understood that symmetry arguments lead to visualization of
the molecular orbitals, as now represented by a number of programs. Their
comprehension requires the basic understanding of the elements of group
theory, as outlined above.

As a final exercise for the reader, consider the naphthalene molecule (sym-
metry @op), as shown in Fig. 10. Application of the Hiickel method leads to
a 10x 10 secular determinant (see problem 30). However, with the application
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a—-28+ m— B 4 (X1 = X2+ X3~ Xat X5~ Xe)

3

t (2x1= X2= X3+ 2X4— X5~ Xe)

a—ﬂ—_ _EZu (

3 0= X3% X5 = X9

I 1

ﬁ @ ﬂ = 2x1+ X0~ X3~ 2Xa~ X5 TXe)
— — 12

«+h Eig v 106+ x3= Xs= Xe)

a +28- Lﬂ A

Fig. 9 The energy levels and the LCAO orbitals for the -electron system of benzene.
The electron configuration as represented by the arrows is that of the ground state of
the molecule.

!
- \F(X1+XZ+X3+X4+X5+X6)

/Cs\ l /Cl\
C, Co C

Cs Cio

~.

Cs

2
—Y

G
4

Fig. 10 The naphthalene molecule. Only the o bonds are represented.

of the method outlined above the reduced representation takes the form I', =
2B1; @ 3By, @ 2A, @ 3B3,. The appropriate linear combination of p, orbitals
can be constructed directly with the use of the projection operator.

PROBLEMS

1. Verify Eq. (10).

2. Develop the series of relations given by Egs. (18)—(...).
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18.
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24.

25.

APPROXIMATION METHODS IN QUANTUM MECHANICS
Derive Eq. (26).

Derive Eq. (30).

Derive Eq. (35).

Make the indicated substitutions to obtain Eq. (44).
Verify Eq. (47).

Derive Eq. (48).

Derive the secular equations, Eq. (58).

Verify Eq. (62).

Verify Eq. (69).

Carry out the separation of variables to obtain Eq. (72).
Derive Eq. (76).

Make the indicated substitution to obtain Eq. (85).
Derive Egs. (86) and (87).

Integrate Eq. (87) as indicated.

Derive the relation between the Einstein coefficients [Eq. (94)].

Evaluate the transition moments in Eq. (99) for v’ = v £ 1.
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Ans. See Appendix IX.

Verify the selection rules for the hydrogen atom as given in the last paragraph

of Section 12.3.3.

Prove the variation theorem [Eq. (111)].

Calculate the normalization factor in Eqs. (113) and (118).

Verify Eq. (115).
Verify Eq. (119).

Derive the secular determinant [Eq. (126)].

Show that the variational energies of a homonuclear diatomic molecule are given
in the LCAO approximation by Eq. (137) and that the corresponding wavefunc-

tions are as indicated in Egs. (141) and (142).
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26. Find the roots of Eq. (145) by direct expansion of the determinant and compare
them with the results given below, Eq. (149).

27. Show that I'; = 2B, @ 2A, for the w-electron system in trans butadiene.
28. Verify Eqgs. (146) and (147).

29. Apply the projection-operator method to obtain the molecular orbital expression
shown in Fig. 9 and verify the energies.

30. Set up the secular determinant for the m-system of naphthalene and factor it as
explained in the last paragraph of this chapter.



